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The integral is evaluated as follows:

dx 1 1 —cosx
— . x
1+ cosx 1 +cosx 1 —cosx

Multiply by 1.

1__
/ coszxdx

1 —cos“x

1 — cos
[

sin“ x

o [

sin? x sin? x
/csczxdx = /cscxcotxdx

= —cotx + cscx + C.

Simplify.
1 — cos®x = sin’x

Split up the fraction.

1
cscx = ——,cotx = ——
s x sin x

Integrate using Table 7.1. %
Relared Exercises 3’7—40 <

g

The techniques illustrated in this section are designed to transform or simplify an 1ntegran'
before you apply a specific method. In fact, these ideas may help you recognize the. bes
method to use. Keep them in mind as you learn new integration methods and i 1mprov

your integration skills.

SECTION 7.1 EXERCISES

Review Questions

1. What change of variables would you use for the integral
(4 = 7x)5dx?

2. Before integrating, how would you rewrite the integrand of
Jx* + 2)%ax?

3. What trigonometric identity is useful in evaluating ['sinx dx?

—2x+4
4, Describe a first step in integrating / le— dx.
5. Describe a first step in integratin / 10 dx
. e R —
P gratng X2 —4x+5

10 4 2
— 2x" + 10x° +
Ox 1

6. Describe a first step in integrating / 0
X

Basic Skills
7-14. Substitution Review Evaluate the following integrals.

7. /(3:—&5:;)4 /(9x—2)‘3dx

3m/8 -
9, / sin (2x - Z) dx 10. /eHde
0

In 2x

dx
11. —dx 12. /—
X V4 —x

& eZ\/§+1
13. / £ i 14. / dy
e*+1 . \/;

15-22. Subtle substitutions Evaluate the following integrals.

ex
15. ————dx
/ eF — 2eF
e21n2(x2)
17. / —dx
1 X

4

19. / 22 gy
sin~ x
dx

21. —_—
1 +1

ez
16. / —ezz e dz

s3
18. / e
COos™ X

2 x(3x +2)
20. ——dx
o Vxd+x+4
22, —_1&13
y ty

23-28. Splitting fractions Evaluate the following integrals.

23, /J;idx
x“+4

int +
2, /smt tan ¢

cos?t
2 —3x

V1 - x?

27.

9.5/2 _ 172
X X
24, —,—dx
/4 2

44>
26. /—:—dx

e

3x + 1

—dx
V4 — x?

28.

29-32. Division with rational functions Evaluate the following

integrals.

+
29, /" 2
x+ 4

3 _
31 /’ 2 i
T 1

4.2
+
30. /x 2 i
2x"'1

6_4
[
x“+ 4




2
o 34, /#d}c
22— 2x+ 10 0x°t+4x+ 8

Ex § de x
g3, f ~ 2 4 2 dx
?ﬁ'% V27— 69— 6 xt+ 2+ 1

37_40 Multiply by 1 Evaluate the following integrals.

de 1—x
P — 38. dx
1+ sinf /1—\/3?

dx d9
: /sccx—l . /l—csce
: F_ﬂtfhei Explorations

4. Explain why or why not Determine whether the following state-
‘ments are true and give an explanation or counterexample.

3 3 3
" dx = [ —dx+ [ =dx
,/x2+4 /x2 /4

:b. Long division simplifies the evaluation of the integral

342
[575
J 3x" +x

_dx
sinx + 1

'./%=ma+a
3 e

| -ti_42—54. Miscellaneous integrals Use the approaches discussed in this
* section to evaluate the following integrals.

0
-1X + 2x + 2

45, /sinx sin 2x dx

=1In|sinx + 1| + C.

@
<12 4 32

-2
@./Ti———a
x“+ 6x + 13
eX
51, —————————dx
/ez"+2ex+1

’ 2
53./—2gdx
1 X +2X+1

47.

- s
% 08 + 352435+ 1
5. Different substitutions

2. Evaluate | tan x sec® x dx using the substitution x = tan x.
b. Evaluate f tan x sec® x dx using the substitution u = sec x.
€. Reconcile the results in parts (a) and (b).
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56. Different methods

a. Evaluate f cot x csc? x dx using the substitution u = cot x.
b. Evaluate [ cotx csc?x dx using the substitution # = csc x.
¢. Reconcile the results in parts (a) and (b).

57. Different methods

Il

2
P . . .
a. Evaluate / 1 dx using the substitution ¥ = x + 1.
x

2
b. Evaluate /
x+ 1

on the integrand.
¢. Reconcile the results in parts (a) and (b).

dx after first performing long division

58. Different substitutions
a. Show that / e sin”! (2x — 1) + C using either
Vix — x?
1
u=2x—loru=x—5.
b. Show that /L = 2sin"'Vx + Cusingu = Vx.
Vx — x?
™

¢. Prove the identity 2 sin™'Vx — sin}(2x — 1) = >

(Source: The College Mathematics Journal 32, 5, Nov 2001)

Applications

59. Area of a region between curves Find the area of the region
bounded by the curves y = 3 x* and y = 3 on the
interval [2, 4], X =3

60. Area of a region between curves Find the area of the entire
region bounded by the curves y = 2 j_ ; and y. = %—1

61. Volumes of solids Consider the region R bounded by the graph of
f(x) = Vx? + 1 and the x-axis on the interval [0, 2].
a. Find the volume of the solid formed when R is revolved about
the x-axis.
b. Find the volume of the solid formed when R is revolved about
the y-axis.
62. Volumes of solids Consider the region R bounded by the graph of
1
f(x) T+ 2 .
a. Find the volume of the solid formed when R is revolved about
the x-axis.
b. Find the volume of the solid formed when R is revolved about
the y-axis.

and the x-axis on the interval [0, 3].

63. Arclength Find the length of the curve y = x4 on the
interval [0, 1]. (Hint: Write the arc length integral and let
w=1+(3)>Vx)

64. Surface area Find the area of the surface generated when the re-
gion bounded by the graph of y = ¢* + % e on the interval
[0, In 2] is revolved about the x-axis.

_
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.f SECTION 5.3 EXERCISES

. Review Questions

Suppose a cut is made through a solid object perpendicular to the

of the solid?

6.3 Volume by Slicing 429
y
2 y=Vz+1
y=x+1 {Outer radius
R, SR 2l VR
- e, — vy — 132 '
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b. When the graph of f is revolved about y = —1, it sweeps out a solid of revolution
whose radius at a point x is f(x) + 1 = Vx + 2. Similarly, when the graph of g is
revolved about y = —1, it sweeps out a solid of revolution whose radius at a point x is
g(x) + 1 = x? + 2 (Figure 6.37b). Using the washer method, the volume of the solid
generated when R, is revolved about y = —1 is

/lfn'((\/; +2)% — (x2 + 2)%)dx
0

1
=1T/ (—x* — 4x? + x + 4Vx) dx
0

49m
30°

. When the region R, is revolved about the line x = 2, we use the washer method and

integrate in the y-direction. First note that the graph of f is described by y = Vx + 1,
or equivalently, x = (y — 1) fory = 1. Also, the graph of g is described by
y = x2 + 1, or equivalently, x = Vy — 1fory = 1 (Figure 6.37c). When the
graph of f is revolved about the line x = 2, the radius of a typical disk at a point y is
2 — (y — 1)2 Similarly, when the graph of g is revolved about x = 2, the radius of a
typical disk at a point y is 2 — Vy — 1. Finally, observe that the extent of the region
R, in the y-direction is the interval 1 <y < 2.

Applying the washer method, simplifying the integrand, and integrating powers of
y, the volume of the solid of revolution is

; .
/1 m(2- G- -2-Vy-1)P)dy= 331—:-

Related Exercises 45-52 <<

3. The region bounded by the curves y = 2xand y = x? is revolved
about the x-axis. Give an integral for the volume of the solid that

X-axis at a particular point x. Explain the meaning of A(x). is generated.
A s0lid has a circular base and cross sections perpendicular to the ~ 4. The region bounded by the curves y = 2x and y = x” is revolved
base are squares. What method should be used to find the volume about the y-axis. Give an integral for the volume of the solid that

is generated.
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5. Why is the disk method a special case of the general slicing method? ~ 11. The solid with a semicircular base of radius 5 whose cross sec.

ti di b d lel t i
6. The region R bounded by the graph of y = f(x) = 0 and the ions perpendicular to the base and parallel to the diameter are

x-axis on [a, b] is revolved about the line y = —2 to form a solid squares

of revolution whose cross sections are washers. What are the inner  12. The solid whose base is the region bounded by y = x? and the

and outer radii of the washer at a point x in [a, b]? line y = 1, and whose cross sections perpendicular to the hase

and parallel to the x-axis are squares
Basic Skills g
7-16. General slicing method Use the general slicing method to find '
the volume of the following solids. square ‘
) cross section .}

7. The solid whose base is the region bounded by the curves y = x
and y = 2 — x2, and whose cross sections through the solid per-
pendicular to the x-axis are squares

. The solid whose base is the triangle with vertices (0, 0), (2, 0},
and (0, 2), and whose cross sections perpendicular to the base and
parallel to the y-axis are semicircles

8. The solid whoge base is the fegion baurided by the sgmicircle 14. The pyramid with a square base 4 m on a side and a height of 2 m
y = V1 — x” and the x-axis, and whose cross sections through (Use calculus.)

the solid perpendicular to the x-axis are squares
15. The tetrahedron (pyramid with four triangular faces), all of whose

edges have length 4

16. A circular cylinder of radius r and height # whose axis is at an
angle of 7 /4 to the base

circular

X }’:vl—xZ

9. The solid whose base is the region bounded by the curve
¥ = Vcos x and the x-axis on [—/2, 7/2], and whose cross
sections through the solid perpendicular to the x-axis are isosceles
right triangles with a horizontal leg in the xy-plane and a vertical
leg above the x-axis 17-26. Disk method Let R be the region bounded by the following
curves. Use the disk method to find the volume of the solid generated
when R is revolved about the x-axis.

17. y = 2x,y = 0,x = 3 (Verify that your answer agrees with the
volume formula for a cone.)

YA

(6.0

10. The solid with a circular base of radius 5 whose cross sections perpen-
dicular to the base and parallel to the x-axis are equilateral triangles

equilateral triangles

%Y




:23'y

| A, Y=secx,y=0x=0,andx =7

8 y=2-— 2x,y = 0,x = 0 (Verify that your answer agrees with
the volume formula for a cone.)

0 In4 o x

2. y=cosxon[0,7/2],y = 0,x = 0 (Recall that cos® x =

3(1 + cos 2x).)
"

y =cosx

&

—
0 4 X

0

2l. y = sinxon [0, 7],y = 0 (Recall that sin® x = 31 - cos 2x).)

22. y = V25 — x%y = 0 (Verify that your answer agrees with the
volume formula for a sphere.)

1

1
:F_xz,y=0,x=0,andx=2

s

it 1
5. y= =0,x= —l,andx = 1 N

Py =xy=ovk 74

L

| 1
L3y = =0,x = —%,andx=%

77-34. Washer method Let R be the region bounded by the following

| Girves. Use the washer method to find the volume of the solid gener-

Aiedwhen R is revolved about the x-axis.
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28. y=x,y=\4/); YA
-
y==x
—
0 x

0 In2 In3 x

3. y=xy=x+2,x=0,x=4 y4

3. y=x+3,y=x>+1

32. y=Vsinx,y=1x=0

3. y= sinx,y = Vsinx, for0 < x < /2

M. y= lxl,y =.2 - x?

35-40. Disks [ washers about the y-axis Let R be the region bounded

. by the following curves. Use the disk or washer method to find the vol-

ume of the solid generated when R is revolved about the y-axis.

3. y=x,y=2,y=6

V}’T y=2x
)
e =6
6__ y
R
y=x
0 X

b
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3. y=0y=Ilnx,y= 2,x=0

i

37. y=_x3,y=0,x=2
38 y=Vxy=0x=4
39 x=V4—y2x=0
40, y=sin_1x,x=0,y=7'r/4

41-44. Which is greater? For the following regions R, determine
which is greater—the volume of the solid generated when R is revolved
about the x-axis or about the y-axis.

41. Risbounded by y = 2x, the x-axis, and x = 5.

42. Risbounded by y = 4 — 2x, the x-axis, and the y-axis.
43. Risboundedbyy = 1 — x, the x-axis, and the y-axis.
44, Risboundedbyy = x?and y = V8x.

45-52. Revolution about other axes Find the volume of the solid
generated in the following situations.

45. The region R bounded by the graphs of x = 0,y = V/x, and
y = lisrevolved around the line y = 1.

46. The region R bounded by the graphs of x = 0,y = V/x, and
y = 2 is revolved around the line x = 4.

47. The region R bounded by the graph of y = 2 sin x and the x-axis
on [0, ] is revolved about the line y = —2.

48. The region R bounded by the graph of y = In x and the y-axis on
the interval 0 < y < 1 is revolved about the line x = —1.

49. The region R bounded by the graphs of y = sin x and

5
y=1—sinxon %,?77 is revolved about the line y = —1.

50. The region R in the first quadrant bounded by the graphs of y = x

andy =1+ %is revolved about the line y = 3,

51. The region R in the first quadrant bounded by the graphs of
y =2 — xandy = 2 — 2xis revolved about the line x = 3.

52. The region R is bounded by the graph of f(x) = 2x(2 — x) and
the x-axis. Which is greater, the volume of the solid generated
when R is revolved about the line y = 2 or the volume of the
solid generated when R is revolved about the line y = 0? Use
integration to justify your answer.

+ 55, The region boundedby y = 1/Vax,y = 0,x =

Further Explorations

53. Explain why or why not Determine whether the following state.
ments are true and give an explanation or counterexample.

a. A pyramid is a solid of revolution.
b. The volume of a hemisphere can be computed using the disk
method. p i
¢. Let R, be the region bounded by y = cos x and the x-axis op .
[—m/2, 7/2]. Let R, be the region bounded by y = sin x anq i
the x-axis on [0, 7]. The volumes of the solids generated wheq"
R, and R, are revolved about the x-axis are equal. i
54-60. Solids of revolution Find the volume of the solid of revoluna;:
Sketch the region in question. »

i O

54. The region bounded by y = (Inx)/Vx,y = 0, and x = 2
reévolved about the x-axis

2,and x = ¢
revolved about the x-axis

1 1 ;

56. The region bounded by y = ————=and y = — revolved '
V2 +1 V2 !
about the x-axis

57. The region boundedby y = ¢*,y = 0,x = 0,and x = 2
revolved about the x-axis

58. Theregion boundedbyy = ¢,y = ¢*,x = 0,and x = In4
revolved about the x-axis

59. The region boundedby y = Inx,y = Inx% andy = In 8
revolved about the y-axis

60. The region bounded by y = ¢,y = 0,x = 0, and x = p> 0
revolved about the x-axis (Is the volume bounded as p — =?)

61. Fermat’s volume calculation (1636) Let R be the region
bounded by the curve y = Vx + a (witha > 0), the y-axis, an
the x-axis. Let § be the solid generated by rotating R about the
y-axis. Let T be the inscribed cone that has the same circular base 1
as S and height Va. Show that volume(S)/ volume(T) =

62. Solid from a piecewise function Let

x ifo0=x=2
2x—2 if2<x=5
—2x+ 18 if5<x=6.

flx) =

Find the volume of the solid formed when the region bounded by the:
graph of f, the x-axis, and the line x = 6 is revolved about the x-axi

i Yi

T Y=f®
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SECTION 6.4 EXERCISES

Review Questions

1. Assume fand g are continuous with f(x) = g(x) on [a, b]. The
region bounded by the graphs of f and g and the lines x = a and
x = b is revolved about the y-axis. Write the integral given by the
shell method that equals the volume of the resulting solid.

2. Fillin the blanks: A region R is revolved about the y-axis. The vol-
ume of the resulting solid could (in principle) be found using the
disk/washer method and integrating with respect to or
using the shell method and integrating with respect to

3, Fillin the blanks: A region R is revolved about the x-axis. The vol-
ume of the resulting solid could (in principle) be found using the
disk /washer method and integrating with respect to or
using the shell method and integrating with respect to

4.  Are shell method integrals easier to evaluate than washer method -‘
integrals? Explain.

Basic Skills

5-14. Shell method Let R be the region bounded by the following

curves. Use the shell method to find the volume of the solid generated
when R is revolved about the y-axis.

5 y=x—x%y=0 yT

y=x—x

=Y

0 1
6. y=—x2+4x+2,y=x2—6x+10
1
y=x%—6x+ 10
y=—x2+4dx+2

0 1 4 X

8§ y=6-x,y=0,x=2andx =4

1

] Il
T T

0 2 4 ;

y = 3x,y = 3, and x = 0 (Use integration-and check your
answer using the volume formula for a cone.)

0 1 x

10. y =1 —x%x = 0,andy = 0, in the first quadrant
11. y=x3—x8+1,y=l

12. y=Vxy=0andx =1

13. y =cosx%y=0,for0 < x < Va7 2

14. y = V4 — 2x%y = 0, and x = 0, in the first quadrant

15-26. Shell method Let R be the region bounded by the following
curves. Use the shell method to find the volume of the solid generated
when R is revolved about the x-axis.

15. y=Vx,y=0,andx = 4

YA

y=Vi




9. y=xy=2-xandy=020. x=y%x=4andy =0
21Kx =32 x=0,andy = 3 22, y=x>y=1,andx =0
P y=2y =2y =16 andx = 0

.. v = Vcos ! x, in the first quadrant

26 ¥ = V50 — 2x?, in the first quadrant

- 21-32. Shell method Use the shell method to find the volume of the
i following solids.
S

}:; '2.72 k A right circular cone of radius 3 and height 8

- The solid formed when a hole of radius 2 is drilled symmetrically
along the axis of a right circular cylinder of height 6 and radius 4

- The solid formed when a hole of radius 3 is drilled symmetrically
g along the axis of a right circular cone of radius 6 and height 9

: The solid formed when a hole of radius 3 is drilled symmetrically
through the center of a sphere of radius 6

The ellipsoid formed when that part of the ellipse x2 + 2y = 4
] With * = 0 is revolved about the y-axis

: A hole of radius » = R is drilled symmetrically along the axis
. of a bullet. The bullet is formed by revolving the parabola

2
¥~ 6 (1 - x_2> about the y-axis, where 0 < x < R.
b 23‘36 Shell method about other lines Let R be the region bounded
: b= x? x = 1,andy = 0. Use the shell method to find the volume
%"f ’h@solid generated when R is revolved about the following lines.
5= —2 4. x=1 35 y=-2 36. y =2
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37-40. Different axes of revolution Use either the washer or shell
method to find the volume of the solid that is generated when the re-
gion in the first quadrant bounded by y = x%y = 1, and x = 0 is
revolved about the following lines.

37. y=-2 38, x=-1 39. y=6 40. x=2

41-48. Washers vs. shells Let R be the region bounded by the follow-
ing curves. Let S be the solid generated when R is revolved about the
given axis. If possible, find the volume of S by both the disk/washer
and shell methods. Check that your results agree and state which
method is easier to apply.

41. y = x,y = x'/ in the first quadrant; revolved about the x-axis

42. y = x%y =2 — x,and x = 0 in the first quadrant; revolved
about the y-axis

43. y=1/(x+ 1),y = 1 — x/3; revolved about the x-axis

4. y=(x—2)"~2,x=0andy = 25; revolved about the y-axis
45. y=Vinx,y = Vinx% andy = 1; revolved about the x-axis
46. y = 6/(x + 3),y = 2 — x; revolved about the x-axis

47. y = x — x*y = 0; revolved about the x-axis

48. y = x — x",y = 0; revolved about the y-axis

Further Explorations

49. Explain why or why not Determine whether the following state-
ments are true and give an explanation or counterexample.

a. When using the shell method, the axis of the cylindrical shells
is parallel to the axis of revolution.

b. If a region is revolved about the y-axis, then the shell method
must be used.

¢. If aregion is revolved about the x-axis, then in principle, it is
possible to use the disk/washer method and integrate with
respect to x or the shell method and integrate with respect to y.

50-54. Solids of revolution Find the volume of the Jollowing solids of
revolution. Sketch the region in question.

Ef50. The region bounded by y = (Inx)/x%y = 0,andx = 3
revolved about the y-axis

51. The region bounded by y = 1/x%y = 0,x = 2,and x = 8
revolved about the y-axis

I52. Theregionboundedbyy = 1/(x? + 1),y = 0,x = 1, and
x = 4 revolved about the y-axis

EES3. The region boundedbyy = ¢*/x,y = 0,x = 1,and x = 2

revolved about the y-axis

54. The region bounded by y* = Inx,y? = Inx3 andy = 2

revolved about the x-axis

55-62. Choose your method Find the volume of the Jollowing solids
using the method of your choice.

55. The solid formed when the region bounded by y = x2 and
y = 2 — x2is revolved about the x-axis

56. The solid formed when the region bounded by y = sin x and
y =1 — sinxbetween x = /6 and x = 57/6 is revolved
about the x-axis

57. The solid formed when the region bounded by y = x, y = 2x + 2,
x = 2,and x = 6 is revolved about the y-axis

«*




